Abstract. Let F be a nonarchimedean local field with odd residual characteristic and let G be the F -points of a connected reductive group defined over F . Let θ be an F -involution of G. Let H be the subgroup of θ-fixed points in G. Let χ be a quasi-character of H. A smooth complex representation (π, V ) of G is (H, χ)-distinguished if there exists a nonzero element λ in HomH (π, χ). We generalize a construction of descended invariant linear forms on Jacquet modules first carried out independently by Kato and Takano (2008), and Lagier (2008) to the setting of (H, χ)-distinction. We follow the methods of Kato and Takano, providing a new proof of similar results of Delorme (2010). Moreover, we give an (H, χ)-analogue of Kato and Takano's relative version of the Jacquet Subrepresentation Theorem. In the case that χ is unramified, π is parabolically induced from a θ-stable parabolic subgroup of G, and λ arises via the closed orbit in Q\G/H, we study the (non)vanishing of the descended forms via the support of λ-relative matrix coefficients.
Introduction
Let F be a nonarchimedean local field with odd residual characteristic. Let G be the F -points of a connected reductive group G defined over F . Let θ be an F -rational involution of G and let H = G θ (F ) be the group of F -points of the θ-fixed subgroup of G. We are interested in the harmonic analysis on the symmetric space G/H.
Let χ be a quasi-character of H. A smooth complex representation (π, V ) of G is (H, χ)-distinguished if there exists a nonzero element λ in Hom H (π, χ). If χ is the trivial character of H, then we say that (π, V ) is H-distinguished. By Frobenius Reciprocity, a representation (π, V ) of G is (H, χ)-distinguished if and only if there is a nonzero intertwining operator from π to the (smooth) induced representation Ind trivial, the H-distinguished representations of G are exactly those that may be realized in the space C ∞ (G/H) of smooth functions on G/H. In this way, the study of distinguished representations arises naturally from questions in the harmonic analysis on G/H.
For the moment, assume that χ is trivial. Independently, Kato and Takano [KT08] and Lagier [Lag08] studied the asymptotic properties of relative matrix coefficients via Jacquet modules. In particular, given a nonzero element λ ∈ Hom H (π, 1) Kato-Takano, and Lagier constructed a canonical linear functional λ N ∈ Hom M θ (π N , 1), associated to λ, for any θ-split parabolic subgroup P of G with θ-stable Levi factor M = P ∩ θ(P ). Recall that a parabolic subgroup P of G is θ-split if and only if θ(P ) is opposite to P . Here we denote by (π N , V N ) the normalized Jacquet module of π along P , where N is the unipotent radical of P . In addition, Kato and Takano proved a generalization of Jacquet's Subrepresentation Theorem [KT08, Theorem 7 .1] (see Theorem 2.1.5). Kato and Takano continued their study of relative matrix coefficients in [KT10] , where they proved a generalization of Casselman's criterion for square integrability.
The results of Lagier [Lag08] were extended to the case that χ is nontrivial by Delorme [Del10] via methods similar to Lagier's. Let (π, V ) be a smooth (H, χ)-distinguished representation of G, and let P = M N be a θ-split parabolic subgroup of G with unipotent radical N and θ-stable Levi M . Given a nonzero λ ∈ Hom H (π, χ) Delorme canonically associates a linear functional λ N,χ in the space Hom M θ (π N , χ| M θ ). Using the linear functional λ N,χ Delorme studies the "constant term" of smooth (H, χ)-spherical functions on G [Del10] . In Section 2.1, after recalling the results of [KT08, Lag08] , we give an alternate proof of Delorme's construction of λ N,χ for admissible (H, χ)-distinguished representations of G via the methods of Kato and Takano [KT08] . We study (H, χ)-relatively supercuspidal representations, whose relative matrix coefficients are compactly supported in the appropriate sense, in terms of non-vanishing of the linear functionals λ N,χ (see Theorem 2.3.1). In addition, we extend the relative subrepresentation theorem [KT08, Theorem 7 .1] to the case of (H, χ)-distinction (see Theorem 2.4.2).
In Section 3, under the assumption that χ is unramified, we study the descended linear functionals on certain (H, χ)-distinguished representations induced from θ-stable parabolic subgroups. Let Q = LU be a θ-stable parabolic subgroup of G with θ-stable Levi factor L and unipotent radical U . Let (ρ, V ρ ) be an irreducible representation of L and assume that λ ∈ Hom L θ (δ 1/2 Q ρ, δ Q θ χ| L θ ) is nonzero. Let ι G Q ρ be the normalized parabolically induced representation of G obtained from (ρ, V ρ ). It is well known (see Lemma 1.3.4) that one may construct a nonzero linear functional λ G ∈ Hom(ι G Q ρ, χ) from λ via the Mackey theory for Q\G/H. We provide a necessary condition for ι G Q ρ to be (H, χ, λ G )-relatively supercuspidal (see Definition 1.3.2(1)). The main result of Section 3 is the following theorem.
Theorem (Theorem 3.1.1). Let χ be an unramified quasi-character of H. Let Q = LU be a θ-stable parabolic subgroup of G with θ-stable Levi subgroup L and unipotent radical U . Let ρ be an irreducible representation of L and assume that δ
Of particular interest is the case that χ is trivial; we sate this special case of Theorem 3.1.1 below as Theorem 3.1.3.
Remark 1.0.1 (The open orbit). It is natural to ask about non-vanishing of the invariant forms λ N,χ where P = M N is a θ-split parabolic subgroup, ρ is M θ -distinguished, and λ ∈ Hom H (ι G P ρ, χ) arises from the open orbit in P \G/H (such linear functionals were constructed and studied in [BD08] 1.1. Local fields. Let F be a nonarchimedean local field with odd residual characteristic. We allow F to have positive characteristic. Let O F be the ring of integers of F and fix a uniformizer of F . Let q be the cardinality of the residue field k F of F . Let | · | F denote the normalized absolute value on F such that | | F = q −1 . We reserve | · | for the usual absolute value on C.
1.2. Reductive groups and symmetric spaces. Let G be a connected reductive group defined over F . Let θ be an F -involution of G. Let H = G θ be the subgroup of θ-fixed points in G. Write G = G(F ) for the group of F -points of G; similarly, H = H(F ). The quotient G/H is a symmetric space.
Remark 1.2.1. We will routinely abuse notation and identify an algebraic group with its group of F -points. When the distinction is to be made, we will use boldface for the algebraic group and regular typeface for the group of F -points.
If X is a subset of a group G, then let N G (X) denote the normalizer of X in G and let C G (X) denote the centralizer of X in G. Given g ∈ G, we 1 Takeda's results were announced during the summer of 2018.
write Int g for the inner automorphism of G given by Int g(x) = gxg −1 , for all x ∈ G.
For an F -torus A ⊂ G, let A 1 be the subgroup A(O F ) of O F -points of A = A(F ). Let X * (A) be the group of F -rational characters of A.
1.2.1. Tori and root systems relative to involutions. An element g ∈ G is θ-split if θ(g) = g −1 . An F -torus S contained in G is (θ, F )-split if S is F -split and every element of S is θ-split.
Let S 0 be a maximal (θ, F )-split torus of G. Let A 0 be a θ-stable maximal F -split torus of G that contains S 0 [HW93, Lemma 4.5(iii)]. Let Φ 0 = Φ(G, A 0 ) be the root system of G with respect to
The torus A 0 is θ-stable, so there is an action of θ on the F -rational characters X * (A 0 ); moreover, Φ 0 is a θ-stable subset of X * (A 0 ). Recall that a base of Φ 0 determines a choice of positive roots.
Let r : X * (A 0 ) → X * (S 0 ) be the surjective map defined by restriction of (F -rational) characters. Let ∆ 0 be a θ-base of Φ 0 . Define Φ 0 = r(Φ 0 ) \ {0} and ∆ 0 = r(∆ 0 )\{0}. The set Φ 0 coincides with Φ 0 (G, S 0 ) and is referred to the as the restricted root system of G/H [HW93, Proposition 5.9]. The set ∆ 0 is a base of the root system Φ 0 . Note that Φ 0 is not necessarily reduced. Let Φ θ 0 and ∆ θ 0 be the subsets of θ-fixed roots in Φ 0 , respectively ∆ 0 . We 1.2.2. Parabolic subgroups relative to involutions. Let P be an F -parabolic subgroup of G. We refer to F -parabolic subgroups of G simply as parabolic subgroups. Let N be the unipotent radical of P. The reductive quotient M ∼ = P/N is called a Levi factor of P. We denote by δ P the modular character of P = P(F ) given by δ P (p) = | det Ad n (p)| F , where n is the Lie algebra of N. We also refer to M = M(F ) as a Levi subgroup of G.
and S M = S M (F ), where (·) • denotes the Zariski-connected component of the identity.
Definition 1.2.3. A parabolic subgroup P of G is θ-split if θ(P ) is opposite to P , in which case M = P ∩ θ(P ) is a θ-stable Levi subgroup of P .
If Θ ⊂ ∆ 0 is θ-split, then the ∆ 0 -standard parabolic subgroup P Θ is θ-split. Let Φ Θ be the subsystem of Φ 0 generated by Θ. The standard parabolic subgroup P Θ has unipotent radical N Θ generated by the root subgroups N α , where
We write S (1) Any θ-split parabolic subgroup P of G is conjugate to a ∆ 0 -standard θ-split parabolic subgroup by an element g ∈ (HM 0 )(F ). (2) If the group of F -points of the product (HM 0 )(F ) is equal to HM 0 , then any θ-split parabolic subgroup of G is H-conjugate to a ∆ 0 -standard θ-split parabolic subgroup. Let P be a parabolic subgroup of G with Levi subgroup M and unipotent radical N . Given a smooth representation (ρ, V ρ ) of M we may inflate ρ to a representation of P , also denoted ρ, by declaring that N acts trivially.
We define the representation ι G P ρ of G to be the (normalized) parabolically induced representation Ind
, where G acts by right translation of functions.
Let (π, V ) be a smooth representation of G. Let (π N , V N ) denote the normalized Jacquet module of π along P . Precisely, V N is the quotient of V by the P -stable subspace V (N ) = span{π(n)v − v : n ∈ N, v ∈ V }, and the action of P on V N is normalized by δ −1/2 P . The unipotent radical of N acts trivially on (π N , V N ) and we will regard (π N , V N ) as a representation of the Levi factor M ∼ = P/N of P .
Let π be a smooth representation of G. We also let π denote its restriction to H. Let χ be a quasi-character of H.
where 1 is the trivial character of H, then we will simply call π H-distinguished.
Let (π, V ) be a smooth (H, χ)-distinguished representation of G, and further assume that π has central character ω. Note that ω restricted to the intersection of the centre Z G of G with H must agree with χ on Z G ∩ H. Let λ ∈ Hom H (π, χ) be a nonzero linear form on V . Let v be a nonzero vector in V . In analogy with the usual matrix coefficients, define a complex-valued function ϕ λ,v on G given by g → λ, π(g −1 )v . Refer to the functions ϕ λ,v as λ-relative matrix coefficients. When λ is understood, we will drop it from the terminology.
Since the representation (π, V ) is smooth the relative matrix coefficients ϕ λ,v lie in C ∞ (G), for every v ∈ V . Moreover, since π has central character ω, the functions ϕ v,λ lie in the subspace
. By (1.2), it makes sense to consider the support of the functions ϕ λ,v modulo Z G H. Indeed, if ϕ λ,v (g) = 0, then ϕ λ,v (gzh) = 0, for all z ∈ Z G and h ∈ H. Finally, define C ∞ ω,0 (G, H, χ) to be the space of
Observe that we have the chain of containments
We'll write C ∞ c (G) for the space of smooth compactly supported functions on G. This is consistent with the above notation, since we'll write C ∞ 0 (G) to denote the space of smooth functions on G the are compactly supported
(1) (H, χ, λ)-relatively supercuspidal if and only if all of the λ-relative matrix coefficients are compactly supported modulo
supercuspidal for every λ ∈ Hom H (π, χ). When χ = 1 is trivial, we drop it from the notation.
Let Q = LU be a θ-stable parabolic subgroup with θ-stable Levi factor L and unipotent radical U . Note that the identity component of 
where λ G is given explicitly by
for any function φ in the space of π. 
Linear funtionals on Jacquet modules
2.1. M θ -invariant linear forms on Jacquet modules. Let (π, V ) be an admissible H-distinguished representation of G. Let λ ∈ Hom H (π, 1) be a nonzero H-invariant linear form on V . Let P be a θ-split parabolic subgroup of G. Let N be the unipotent radical of P , and let M = P ∩ θ(P ) be a θ-stable Levi factor of P . Independently, Kato-Takano and Lagier have defined an M θ -invariant linear form λ N on the Jacquet module (π N , V N ). Fix a maximal θ-stable F -split torus A 0 containing a maximal (θ, F )-split torus S 0 . Let ∆ 0 be a θ-base of the root system Φ 0 of G with respect to A 0 . Assume that P = P Θ is a ∆ 0 -standard θ-split parabolic subgroup of G corresponding to a θ-split subset Θ of ∆ 0 . In order to define the M θ -invariant form λ N , we first require the following result (cf. (1) The family {K n } n≥0 gives a neighbourhood base of the identity in G.
(2) For each n ≥ 1, the group K n is normal in K 0 and the quotient group K n /K n+1 is a finite abelian p-group, where p is the characteristic of the residue field k F . (3) For each K n , n ≥ 1, and each ∆ 0 -standard θ-split parabolic subgroup P Θ of G, K n has Iwahori factorization with respect to P Θ , and
We refer to a family of θ-stable compact open subgroups {K n } n≥0 satisfying (1)-(4) of Lemma 2.1.1 as adapted to the data (S 0 , A 0 , ∆ 0 ). The construction of λ N depends on Casselman's Canonical Lifting [Cas95, Proposition 4.1.4] along a family of θ-stable compact open subgroups {K n } n≥0 adapted to (S 0 , A 0 , ∆ 0 ).
We now recall Casselman's Canonical Lifting following [KT08, §5.2]. For any compact open subgroup K of G, the projection operator P K from V to the subspace of V K of K-fixed vectors is given by the integral
for any v ∈ V , where µ K is a fixed Haar measure on K. The subspace V (N ) of V is equal to the union, over compact open subgroups N 1 of N , of the sets
where µ N is Haar measure on N . Fix an adapted family {K n } n≥0 as in Lemma 2.1.
, there exists a positive real number 0 < ≤ 1 such that 
Proposition 2.1.2 (Kato-Takano). Let λ be an H-invariant linear form on an admissible representation (π, V ) of G and let P = M N be a ∆ 0 -standard θ-split parabolic subgroup.
(
Definition 2.1.3 (Kato-Takano, Lagier). Let P = M N be a θ-split parabolic subgroup of G with θ-stable Levi subgroup M = P ∩ θ(P ), and unipotent radical N . Let λ ∈ Hom H (π, 1) be nonzero. Define the linear form λ N on V N by declaring that
where v ∈ V is any canonical lift of [v] ∈ V N with respect to an adapted family {K n } n≥0 .
By Proposition 2.1.2, the linear form λ N is well defined and does not depend on the choice of {K n } n≥0 , nor on the choice of canonical lift.
Proposition 2.1.4 (Kato-Takano, Lagier). Let (π, V ) be an admissible Hdistinguished representation of G. Let λ ∈ Hom H (π, 1) be nonzero and let P be a θ-split parabolic subgroup of G with unipotent radical N and θ-stable
Proof. See, for instance, [KT08, Proposition 5.6]. 
Let (π, V ) be an admissible (H, χ)-distinguished representation of G. Let λ ∈ Hom H (π, χ) be nonzero. Let P = M N be a θ-split parabolic subgroup of G with θ-stable Levi factor M = P ∩ θ(P ) and unipotent radical N . Let S M be the (θ, F )-split component of M .
As above, we may regard P as standard with respect to some choice of data (S 0 , A 0 , ∆ 0 ). Let {K n } n≥0 be an adapted family of θ-stable compact open subgroups as in Lemma 2.1.1. Since {K n } n≥0 forms a neighbourhood basis at the identity of G, with each K n θ-stable, and χ : H → C × is continuous, we have that for all n large enough K n ∩ H is contained in ker χ. The following generalizes Proposition 2.1.2 ([KT08, Proposition 5.3]) and the proof is the same, as long as one takes n large enough so that K n ∩ H ⊂ ker χ and notices that [KT08, Lemma 4.6] actually gives
Proposition 2.2.1. Let (π, V ) be an admissible (H, χ)-distinguished representation of G. Let λ ∈ Hom H (π, χ) be nonzero. Let P = M N be a ∆ 0 -standard θ-stable parabolic subgroup of G.
(1) Let K = K n be a member of the adapted family {K n } n≥0 such that 4 Again, to adjust the proof, go far enough into the adapted family {K n } to ensure that K n ∩ H ⊂ ker χ. The next result is the analogue of Proposition 2.1.4 ([KT08
(1) The linear functional λ N,χ :
Proof. The proof is the same as that of [KT08, Proposition 5.6] after taking into account the character χ and replacing Kato and
The analogue of [KT08, Proposition 5.9] (cf. [Del10, Proposition 3.9]) also holds.
Proposition 2.2.4. Let (π, V ) be an admissible (H, χ)-distinguished representation of G. Let λ ∈ Hom H (π, χ) be nonzero. Let P = M N ⊂ P = M N be two θ-split parabolic subgroups of G with the indicated Levi decompositions. The following diagram commutes:
where the bottom isomorphism follows from the transitivity of the Jacquet restriction functor, i.e.,
Note. In the bottom right of the diagram in Proposition 2.2.4, we've used Before giving a proof of Theorem 2.3.1, we assemble preliminary results analogous to the results of [KT08, Section 6.5]. Recall that
The twisted involution θ x is given by
The θ x -fixed points of G are related to the θ-fixed points by the following equality
Note. The maximal (θ, F )-split torus S 0 is centralized by M 0 ; therefore, since x ∈ (HM 0 )(F ), S 0 is also a maximal (θ x , F )-split torus of G. Moreover, any ∆ 0 -standard θ-split parabolic subgroup of G is θ x -split. The (θ, F )-split and (θ x , F )-split components for such a parabolic subgroup coincide.
Assume that P = M N is a ∆ 0 -standard θ-split parabolic subgroup of G. Let χ be a quasi-character of H = G θ . Denote by χ the corresponding quasi-character
For x ∈ (HM 0 )(F ), as above, the parabolic subgroup Q = xP x −1 is θ-split but possibly nonstandard. Let U be the unipotent radical of Q and let L be the θ-stable Levi factor Q ∩ θ(Q). The (θ, F )-split component of L is S L = xS M x −1 . As above, for any (H, χ)-distinguished admissible representation π of G we have a mapping
Observe that L = xM x −1 and L θ = xM θx x −1 . Moreover, the map sending λ ∈ Hom H (π, χ) to λ = λ • π(x) ∈ Hom G θx (π, χ ) is a linear isomorphism. The following is the direct analogue of [KT08, Lemma 6.6].
Lemma 2.3.3. Let x ∈ (HM 0 )(F ). Let P = M N , and Q = LU = xP x −1 be θ-split parabolic subgroups of G. Let χ be a quasi-character of H and let
holds for every λ ∈ Hom H (π, χ) and v ∈ V .
To prove the equality in (2.1), we will apply [KT08, Proposition 5.5(2)]. Setλ = λ U,χ • π(x). For s ∈ S M , we have that
By [KT08, Proposition 5.5(1)], applied with respect to Q = LU , there exists 0 < ≤ 1 with
6 By [KT08, Proposition 5.5(2)],λ = λ U,χ • π(x) is equal to λ N,χ , which completes the proof. Lemma 2.3.5. Let λ ∈ Hom H (π, χ) be a nonzero (H, χ)-equivariant linear functional on an admissible (H, χ)-distinguished representation (π, V ) of G. Let P = M N be the θ-split parabolic subgroup xP Θ x −1 of G, where Θ is a θ-split subset of ∆ 0 , P Θ = M Θ N Θ , and x ∈ (HM 0 )(F ). Let C be a compact subset of G. If λ N,χ = 0, then for all v ∈ V there exists a positive real number ≤ 1, depending on Θ and x, such that the relative matrix coefficient ϕ λ,v vanishes identically on CS
where λ = λ • π(x) ∈ Hom G θx (π, χ ), and χ = x −1 χ. Recall that, since C is compact, π(k −1 )v remains in a finite dimensional subspace of V for every k ∈ C. By [KT08, Proposition 5.5(1)] for λ and P Θ = M Θ N Θ , there exists 0 < ≤ 1 such that
for every s ∈ S − Θ ( ) and k ∈ C. By Lemma 2.3.3, we have
where the last equality holds by assumption. In particular, there is 0 < ≤ 1 such that ϕ λ,v (ks −1 x −1 h) = 0 for every k ∈ C, s ∈ S Proposition 2.4.1. Let (π, V ) be a finitely generated (H, χ)-distinguished representation of G and let λ ∈ Hom H (π, χ) be nonzero. If (π, V ) is (H, χ, λ)-relatively supercuspidal, then (π, V ) has a nontrivial (H, χ)-distinguished irreducible quotient.
Proof. Let T : V → C ∞ (G, H, χ) be the intertwining operator that sends v ∈ V to the λ-relative matrix coefficient ϕ λ,v . By assumption, T has image contained in
is finitely generated and thus finite length [Cas95, Theorem 6.3.10]. By [KT08, Lemma 1.7], there exists a quotient (ρ, W ) of V / ker T which is an ω-representation for some quasi-character ω of G; moreover, (ρ, W ) is equivalent to a subrepresentation of C ∞ 0 (G, H, χ). Note that (ρ, W ) is also a quotient of V . By [KT08, Lemma 1.10(2)], there exists a positive valued quasi-character ξ : G → R 0> such that ξ| H = 1 and ξ| Z G = |ω(·)| −1 . The representation ξ ⊗ ρ is (H, χ)-distinguished. We may regard ξ ⊗ ρ as a subrepresentation of C ∞ 0,ωu (G, H, χ), where ω u = ω ⊗ |ω(·)| −1 is a unitary character. Thus (ξ ⊗ ρ, W ) is unitarizable and decomposes into a direct sum of finitely many irreducible subrepresentations [Cas95, Proposition 2.1.14]. The decomposition for the action of ξ ⊗ ρ on W also holds for the action of ρ on W . At least one of the irreducible direct summands of (ρ, W ) must be (H, χ)-distinguished and this is the desired quotient of (π, V ).
In this case, every irreducible (H, χ)-distinguished representation of G is (H, χ)-relatively supercuspidal. Thus, we assume that k > 0. If π is (H, χ)-relatively supercuspidal, then there is nothing to do. Otherwise, there exists a nonzero element λ ∈ Hom H (π, χ) such that π is not (H, χ, λ)-relatively supercuspidal. By Theorem 2.3.1, there exists a proper θ-split parabolic subgroup P = M N of G such that λ N ,χ = 0. Let Q = LU be minimal among proper θ-split parabolic subgroups such that λ U,χ = 0. By Proposition 2.2.4 and Theorem 2.3.1, the admissible representation
, and π is equivalent to an irreducible subrepresentation of ι G Q ρ . Note that, since Q is proper in G, the rank of the maximal (θ, F )-split tori in L/Z L is strictly less than k. By induction, applied to L and ρ , there exists a θ-split
Representations that are not relatively supercuspidal
Let χ be a quasi-character of H = G θ . Our goal is to study the support of relative matrix coefficients defined with respect to the (H, χ)-equivariant linear forms λ G produced via Lemma 1.3.4. Recall that a smooth representation (π, V ) of G is (H, χ, λ G )-relatively supercuspidal if and only if all of the λ G -relative matrix coefficients are compactly supported modulo Z G H (Definition 1.3.2) .
Note. In this section, we must restrict our attention to unramified quasicharacters of H. The author hopes to relax this restriction on χ in future work.
3.1. Support of functions on G/Z G H. Assume that χ is an unramified quasi-character of H; in particular, χ is trivial on all maximal compact open subgroups of H. Let Q = LU be a θ-stable parabolic subgroup of G with θ-stable Levi subgroup L and unipotent radical U . Note that the unipotent subgroups U and U op are θ-stable. Moreover, the identity component of Q θ is a parabolic subgroup of the identity component H • of H with the expected Levi factorization [HW93] . Let ρ be an irreducible representation of L and assume that δ
Q ρ and construct λ G ∈ Hom H (π, χ) from λ via Lemma 1.3.4. Our goal is to prove the following.
Theorem 3.1.1. Let χ be an unramified quasi-character of H. If the in-
Remark 3.1.2. We can rephrase the assumptions on ρ by asking that ρ is
In many, but not all, situations the char-
is not always trivial in the case that G = GL 2n (F ) and H = Sp 2n (F ) [Off06] .
As a special case of Theorem 3.1.1, we obtain the following. 
By applying Theorem 2.3.1 (the (H, χ)-analogue of [KT08, Theorem 6.2]), we can rephrase Theorem 3.1.1 as the following corollary. 
The representation π admits a central character ω since π is induced from an irreducible representation. Since π is (H, χ)-distinguished, the character ω agrees with χ on Z G ∩ H, i.e., ω|
, we have that a function φ ∈ C ∞ ω (G, H, χ) is compactly supported modulo Z G H if and only if φ has compact support modulo S G H. 7 We will now study the support of such a function by considering the behaviour of the function as we approach infinity along non-central (θ, F )-split tori. For example, if we take s ∈ S + 0 \ S 1 0 such that |α(s)| F > 1 for all α ∈ ∆ 0 \ ∆ θ 0 , then the sequence {s n } n∈N approaches S 0 -infinity. For a nonstandard (θ, F )-split torus S, we can extend Definition 3.1.6 to S using that S = xS Θ x −1 , for some x ∈ (HM 0 )(F ) and some standard (θ, F )-split torus S Θ (see Lemma 1.2.4). Precisely, the sequence {xs j x −1 } j∈N ⊂ S approaches S-infinity if and only if the sequence {s j } j∈N ⊂ S Θ approaches S Θ -infinity.
To prove Theorem 3.1.3, we apply the contrapositive of Lemma 2.3.5 (the analogue of [KT08, Lemma 6.7]), which forms part of the characterization of (H, χ)-relatively supercuspidal representations.
Lemma 3.1.7 (Contrapositive of Lemma 2.3.5). Let χ be an arbitrary quasicharacter of H. Let λ ∈ Hom H (π, χ) be a nonzero (H, χ)-equivariant linear function on an admissible (H, χ)-distinguished representation (π, V ) of G. Let P = xP Θ x −1 be a θ-split parabolic subgroup of G, where Θ ⊂ ∆ 0 is θ-split and x ∈ (HM 0 )(F ). Let N = xN Θ x −1 be the unipotent radical of P and M = xM Θ x −1 the standard Levi factor. Let C be a compact subset of G. If there exists v ∈ V such that, for all 0 < ≤ 1, the function ϕ λ,v is non-zero on some element of CS Recall that there is an analogue of the Cartan decomposition for symmetric spaces due to Delorme and Sécherre [DS11] . In particular, there exists a compact subset C of G and a finite subset X of (HM 0 )(F ) such that
In particular, as goes to zero the cosets CS + Θ ( )x −1 H shrink, and CS
We have the following.
Corollary 3.1.8. Let χ be an arbitrary quasi-character of H and let λ ∈ Hom H (π, χ) be a nonzero (H, χ)-equivariant form on an admissible (H, χ)-distinguished representation (π, V ) of G. Let S be the (θ, F )-split component of a proper θ-split parabolic P of G. If there exists v ∈ V such that the function ϕ λ,v is non-zero on a sequence {s n } n∈N approaching S-infinity, then π is not (H, χ, λ)-relatively supercuspidal.
Proof. Apply Lemma 3.1.7 to show that λ N,χ = 0, then the result follows from Theorem 2.3.1.
3.2. The proof of Theorem 3.1.1. We work under the assumptions of Theorem 3.1.1 and we prove the contrapositive statement:
Theorem 3.2.1 (Contrapositive of Theorem 3.1.1). Let χ be an unramified quasi-character of
Let S be a maximal non-central (θ, F )-split torus of L.
8 By assumption
there exists a sequence { n } n∈N ⊂ L such that ϕ λ,v ( n ) = 0, and where
, and {s n } ⊂ S + approaches S-infinity. 9 Replacing S with the maximal (θ, 
xSx −1 of L, we have that ϕ λ,v is nonzero on the sequence { n = o n s n } n∈N , with o n = o n x −1 , s n = xs n x −1 , and where {s n } approaches S -infinity. The sequence { n } has non-compact image modulo S L L θ and modulo
The idea of the proof of Theorem 3.1.1 is to understand the support of the λ G -relative matrix coefficients of π in terms of the support of the λ-relative matrix coefficients of δ 1/2 Q ρ.
10 For simplicity, we assume that we can find a vector v in the space V ρ ∼ = V δ 1/2 Q ρ of ρ such that ϕ λ,v is not compactly supported on S/S L . If this is not the case, we may still produce ϕ λ,v and a sequence { n : ϕ λ,v ( n ) = 0} with non-compact image modulo S L L θ (and modulo S G H), as above; the argument below to produce a non-compactly supported λ G -relative matrix coefficient ϕ λ G ,fv of π still goes through with only a slight adjustment. In particular, one need only apply Lemma 3.1.7 instead of Corollary 3.1.8.
Proof of Theorem 3.1.3. Let V ρ be the space of ρ and identify V ρ with the space of δ 1/2 Q ρ. Let π = ι G Q ρ and let V π be the space of π. Let S be a maximal (θ, F )-split torus S of L. As above, note that S is non-central in L. We show that if δ 1/2 Q ρ admits a non-compactly supported (modulo Z L L θ ) λ-relative matrix coefficient, then π admits a non-compactly supported (modulo Z G H) λ G -relative matrix coefficient. In fact, our goal is to construct a vector f ∈ V π such that the λ G -relative matrix coefficient ϕ λ G ,f is non-compactly supported modulo Z G H. First, we will study an arbitrary λ G -relative matrix coefficient ϕ λ G ,f . Let f ∈ V π and consider the λ G -relative matrix coefficient ϕ λ G ,f ∈ C ∞ ω (G, H, χ). Using the definition of λ G given in (1.5), we see that for any ∈ L ϕ λ G ,f ( ) = λ G , π(
That is, for any element of L, we have If we can appropriately control the elements χ(h) −1 f ( h −1 ) ∈ V ρ , then the integrand in (3.2) is essentially a λ-relative matrix coefficient of δ 1/2 Q ρ. We will link the support of the λ-relative matrix coefficients of δ 1/2 Q ρ with the support of the λ G -relative matrix coefficients of π, via the integral (3.2).
Let K be a compact open subgroup of G that has Iwahori factorization with respect to Q = LU . Then the product map (in any order) where the equality in (3.3) holds since ∈ L normalizes U and U op . Write h = qū where q ∈ Q andū ∈ U op ∩ −1 K . Since h is θ-fixed, qū = h = θ(h) = θ(q)θ(ū), where θ(q) ∈ Q and θ(ū) ∈ U op since both subgroups are θ-stable. The product map (q ,ū ) → q ū on
is one-to-one; therefore, θ(q) = q and θ(ū) =ū. It follows that h is equivalent toū in Q θ \H; moreover, ū −1 ∈ U op ∩ K sinceū ∈ (U op ∩ −1 K ) θ and so
The compact open subgroup −1 K also has Iwahori factorization with respect to Q. In particular, the image of ( −1 K ) θ in Q θ \H is equal to the image of (U op ∩ −1 K ) θ which is open and thus has positive measure. From By assumption, χ is unramified
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; therefore, χ is trivial on the compact unipotent group (U op ∩ −1 K ) θ .Thus, we have that c ,χ is nonzero and equal to the volume µ(Q θ \(U op ∩ −1 K ) θ ) > 0 of Q θ \(U op ∩ −1 K ) θ . It is immediate that if the support of ϕ λ,v on S/S L is non-compact then the same holds for ϕ λ G ,fv . In particular, by the assumption on ϕ λ,v , there exists a sequence {s n } n∈N approaching S-infinity such that ϕ λ,v (s n ) = 0, for all n ∈ N. For this same sequence, we have that ϕ λ G ,fv (s n ) = 0, for every n ∈ N. By Corollary 3.1.8, π is not (H, χ, λ G )-relatively supercuspidal.
